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ABSTRACT

Many machine learning tasks involve maximizing a submod-
ular function with constraints. However, constrained sub-
modular maximization problems are known to be NP-Hard.
Although there exist efficient approximation algorithms, ap-
proximation guarantees cannot be improved without auxil-
iary information, unless P = NP. In this work, we propose a
framework for the general knapsack-constrained submodular
maximization problems that incorporates advice from learn-
ing models or domain experts. Our framework is flexible and
can use various existing offline p-approximation algorithms
as a subroutine. For both monotone and non-monotone
cases, we prove that when the advice is arbitrarily bad, our
framework produces solutions with guarantees no worse than
the subroutine algorithms (without advice); when the advice
is optimal, the framework is optimal. In other words, the
proposed framework is p-robust and 1-consistent, where p is
the provable worst-case guarantee.

1. INTRODUCTION

A function f defined over a ground set V is submodu-
lar if it exhibits diminishing return property, i.e., for any
subsets S and T of V where S C T, for any x € V\ T,
fSU{z}) — f(S) > f(TU{z}) — f(T). The function f is
monotone if f(T) > f(S) when S is a subset of 7. Submodu-
lar function optimization is a fundamental problem in com-
binatorial optimization, applied extensively across diverse
fields such as feature compression, deep learning, sensor
placement, and information diffusion, among others. Over
the last decade, various versions of submodular optimization
problems have garnered substantial attention. For example,
the classical greedy algorithm for the cardinality-constrained
problem provides a tight (1 — 1/e)-approximation [8]. It is
known that the approximation ratio is optimal if P % NP.

Most approximation algorithms for submodular maximiza-
tion are designed for adversarial worst-case instances and
can thus be conservative in structured data settings. In
many modern pipelines, however, decisions are not made in
a vacuum. Similar instances repeat, objectives evolve grad-
ually, and learned systems can provide predictive signals.
For example, there may be forecasts of future arrivals or
deletions, estimates of marginal gains, or a suggested near-
optimal solution produced by a model trained on historical
data. The central theme is to convert such predictions into

Learning-Augmented Algorithms: Theory and Applications (LATA) 2026
Ann Arbor, MI, USA
Copyright is held by author/owner(s).

provable improvements in theoretical performance or effi-
ciency, while retaining classical worst-case guarantees when
predictions are arbitrarily bad.

The consideration of machine learning predictions led to
a new paradigm of algorithm design known as learning-
augmented algorithms |4, 13, 2, |7]. In this framework, tra-
ditional algorithms are equipped with machine learning pre-
dictions. The performance of such learning-augmented al-
gorithms is analyzed in terms of how prediction quality af-
fects performance, while still retaining worst-case guaran-
tees. This line of work has led to new results in online al-
gorithms, caching, scheduling, and clustering, where predic-
tions can provably improve performance without sacrificing
robustness.

Despite this progress, the role of a learning-augmented
framework in submodular maximization remains largely un-
explored. Existing analyses of the traditional submodu-
lar maximization assume no auxiliary information, while
heuristic methods that incorporate predictions lack theo-
retical guarantees. Additionally, these results are largely
problem-specific (e.g., facility allocation [2], clustering [6],
graph problems [1]). Hence, a fundamental question is raised:

Can we design a framework for a series of submodular
maximization problems that systematically exploit
predictions, and can we quantify how prediction quality
improves approrimation guarantees while preserving
worst-case bounds?

In this work, we affirmatively answer this question by
formalizing a principled way to integrate predictions into
knapsack-constrained submodular optimization and high-
light a flexible framework that extends to other constraints.

Our Contributions. This work designs a learning aug-
mented framework that considers a feasible prediction set
as advice. Instead of either fully trusting or discarding the
advice, the algorithm evaluates prefixes of the predicted set
and completes each prefix using a scalable residual submod-
ular knapsack routine. This design yields a clean reduction
from the learning-augmented problem to standard residual
maximization, making the framework broadly compatible
with existing approximation subroutines.

Technically, we prove that the objective of the residual
maximization subroutine preserves monotonicity and sub-
modularity. Thereafter, we prove that, for both monotone
and non-monotone cases, the approximation guarantees in-
herit robustness from the underlying knapsack algorithm
while exploiting accurate advice when predictions align well
with the optimum.



2. PRELIMINARY RESULTS

Inspired by [5], we propose a framework (Algorithm
that solves the Submodular Maximization with Knapsack
constraint problem (SMK), formally defined as follows.

PROBLEM 1 (SMK). Given a submodular function f :
2V 5 R and a modular cost function ¢ : 2V — R, a budget
B, find a subset S € argmaxpcvy .(ry<p [(T)-

If the modular costs are uniform, Problem [I| reduces to the
cardinality-constrained problem.

The algorithm LA-SMK treats the prediction set A as
advice that may be partially reliable. It orders the ele-
ments of A into prefixes 49 C Ay C -+ C A,, = A,
where each A; is feasible under the knapsack budget. For
every prefix A;, the algorithm assumes that these ¢ pre-
dicted items are trusted, then computes an augmentation
R; with the remaining budget B —c(A;) using a Subroutine
algorithm. The Subroutine solves the residual knapsack-
constrained problem anchored at A;, over sets S C V \ A;
with ¢(S) < B — ¢(A;) with some worst-case approximation
p-
Every prefix yields a candidate solution U; = A; U R;.
Finally, it returns the candidate with the maximum value
f(U;). Thus, the framework balances p-robustness and 1-
consistency by searching over all trust levels in the predic-
tion rather than committing fully to the advice.

Algorithm 1: LA-SMK(f,c, B, A, V)
Input

: submodular function f:2Y — R,
modular cost function ¢ : V' — R, total
budget B, a feasible prediction set A,
ground set V'

Output: learning-augmented selection U

1 Form sets Ao, A1, -+, Am from A, where |A;| =i and
A=A,

2 for i =0 to m do

3 R; < Subroutine(f,c, B, A;,V \ A;)

4 U; — A;UR;

5 end

6 Return U= where i* = argmax;c(y ... iy f(Us)

Before presenting our results, we introduce some nota-
tions used in this work. Denote the optimal solution for
Problem [1| (regardless of monotonicity of f) as
OPT € argmaxycy,o(ry<p—c(a,) f(T). For any partial ad-
vice A;, define OPT; € argmax rcopmya,;, f(T'UA;).

o(T)<B—c(4;)

Monotone Case. We first consider the case when the
objective function is monotonically non-decreasing. For this
case, we design the Subroutine to maximize an anchored
function ga : 2V — Rso with residual budget B — ¢(A),
which remains monotone submodular (see Lemma . This
is a key property that makes the framework flexible and ex-

tendable, thereby guaranteeing p-approximation (see Lemma/2))

w.r.t. ga.

LEMMA 1. Let f:2Y — Rsq be a monotone submodular
set function, and let A C V' be fixred. Define the residual
function g : 2V — R>o defined by

ga(8) = f(SUA) = f(A), VSCV\A

Then ga is monotone and submodular on the ground set
V\ A and ga(0) =0.

LEMMA 2. Let A; C V be fized with c(4;) < B. If
the subroutine (line 3 of Algom'thm is a p-approrimation
knapsack-constrained submodular mazimization algorithm with
respect to the monotone submodular function f, suppose R;
is the selection of the subroutine applied to the residual in-

stance A; with residual budget B — c(A;), then
ga;(Ri) > p-ga,(T4),

where I'; € argmax  rcv\a,, 9a,(T).

e(T)<B—c(A;)
With Lemma [T]and Lemma 2] we derive the final theorem
of Algorithm [I] for the monotone submodular maximization
problems, as follows.

THEOREM 1. Consider the learning-augmented algorithm
for the monotone submodular maximization under a knap-
sack constraint. For each subset A; C A, the algorithm com-
pletes A; using a p-approrimation algorithm for the residual
knapsack objective ga,, then the final output U satisfies

F(U) = max; {p- F(OPT, U A) + (1 p)f(A:)} .

COROLLARY 1. For the monotone submodular maximiza-
tion with knapsack constraint problem, Algorithm |1| is p-
robust and 1-consistent.

PROOF SKETCH. When the advice A is arbitrarily bad,
by Theorem [1} for the round when Aq is extended, f(Up) >
p- f(OPT) is a feasible output. When the advice is optimal,
i.e., A = OPT, for some round, f(Up) > f(OPT) for |[A| =
m since f is monotone and f(OPT; U A4;) — f(4;) > 0. O

Corollary [T indicates that the theoretical guarantee of Al-
gorithm [T]depends on the implementation of the Subroutine
at Line 3. Thus, we present in Corollary [2] some choices of
Subroutine with approximation-time tradeoffs.

COROLLARY 2. For Algorithm[d]

o if the Subroutine is implemented with methods in [9],
Algorithm[1] obtains the tight (1 — 1/e)-robustness and
1-consistency within O(mn®) oracle evaluations.

e if the Subroutine is implemented with methods in [10,
11)], Algorithm obtains 1/2-robustness and 1-consistency
within O(mn?) oracle evaluations.

Non-monotone Case. We also generalize the frame-
work to the scenario that the objective function is non-
monotone (adding an element could potentially decrease the
function value). This setting is more difficult because maxi-
mizing a possibly negative anchored residual function ga(.S)
is intractable and just deciding whether the approximation
is positive itself is NP-Hard. Nonetheless, we prove that
leveraging the framework (Algorithm [1]) and using an alter-
native anchored residual function h 4 for the Subroutine can
still produce a (p-robust, 1-consistent) solution.

THEOREM 2. Consider the learning-augmented algorithm
for the non-monotone submodular mazimization under a knap-
sack constraint. For each subset A; C A, the algorithm com-
pletes A; using a p-approzimation algorithm for the residual
knapsack objective ha,, then the final output U satisfies

F(U) > max; { f(A:) + max {0, p - f(OPT; U Ai) — f(Ai)}}
=max; {p- f(OPT; U A;), f(Ai)}}.
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