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ABSTRACT

Risk is a critical consideration in many energy-related prob-
lems, where stakeholders are often sensitive to rare but costly
events. However, traditional online algorithms typically op-
timize expected cost and can perform poorly in such risk-
sensitive settings. Motivated by this challenge, we study
the design of algorithms for peak-aware energy scheduling,
where a microgrid operator must decide how much electric-
ity to generate locally vs. purchase from the grid while fac-
ing both a spot price and peak charge for grid electricity.
Modeling this as an instance of the online Bahncard prob-
lem, we obtain three new results: (1) a family of closed-form
algorithms with a provable bound on the Conditional Value-
at-Risk (CVaR)-competitive ratio, a recently proposed risk-
sensitive performance metric for online algorithms; (2) an
optimal online algorithm resulting from the solution to a
certain delay differential equation, which can be approx-
imated numerically on an instance-by-instance basis; and
(3) a learning-augmented algorithm for this problem which,

given a hyperparameter A € (0, 1], achieves 140 (\)-consistency
while maintaining a risk-sensitive CVaR-robustness of ©(1/X).

1. INTRODUCTION

Online decision-making under uncertainty is central to
modern energy systems. A common challenge in this area
is the trade-off between repeated decisions or payments at
a known (small) cost and a one-time (large) investment
that yields future discounts, such as in peak-aware energy
scheduling problems [17]. This fundamental structure is cap-
tured by the online Bahncard problem, a classic online prob-
lem in which one must decide whether to pay full price for
train tickets or to invest in the Bahncard, which gives a
discount for purchasing tickets |11].

A key technique for improving performance in such online
problems is randomization, which enables improved bounds
in the Bahncard problem and many other online problems
(11} |13, 9% |4, [5]. However, these improvements are achieved
only in expectation, while performance can vary significantly
in individual runs; this variability can be problematic for
risk-sensitive decision-makers who are sensitive to unlikely
yet very costly outcomes. To address this challenge, sev-
eral recent works have investigated the design of risk-aware
online algorithms (10} |8 |7} |6]. In particular, Christianson
et al. |[6] propose a risk-sensitive competitive ratio metric
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based on the Conditional Value-at-Risk (CVaR) [16], which
replaces expected cost with tail cost.

To this point, the design of risk-sensitive online algorithms
has been largely limited to simple online problems like ski
rental and one-max search. Moreover, almost no work has

integrated risk sensitivity into the design of learning-augmented

algorithms 15, [14]; the only exception is the recent work
of [2], which considers risk sensitivity with respect to the
randomness of a distributional prediction. Thus, the goal
of our work is twofold: first, to push the understanding
of risk-sensitive online algorithm design into the more gen-
eral setting of the Bahncard problem and its applications to
peak-aware energy scheduling; and second, to propose a no-
tion of risk-sensitive robustness for the design of learning-
augmented algorithms.

This extended abstract gives a brief summary of our re-
sults on risk-sensitive competitive and learning-augmented
algorithms for the Bahncard problem. For a full overview of
our results, their application to peak-aware energy schedul-
ing, proofs, and experiments, see the full paper |12].

2. BACKGROUND

We briefly introduce the performance metrics and problem
studied in our work. To begin, we define the conditional
value-at-risk (CVaR) [3} 16, [1].

DEFINITION 2.1. Let X be a real-valued random variable
with CDF Fx. For a risk sensitivity level § € [0,1), the
CVaRs is the expected value of X given that it falls within
the worst (1 — d)-fraction of outcomes:

OVaRs[X] = / Fi'(p) dp. (1)

We now define the risk-sensitive performance metric we fo-
cus on: the CVaR-competitive ratio [6].

DEFINITION 2.2. The CVaRs-Competitive Ratio (6-CR)
of a randomized online algorithm ALG measures the ratio
between the CVaRs of its cost and the optimal offline solu-
tion. It is defined as:

. CVaRs[ALG(0)]
0-CR(ALG) == ilelg —ori(e)

where CVaRs[ALG(0)] denotes the CVaR of the cost in-
curred by ALG on input o, and OPT(o) is the cost of the
optimal offline algorithm on the same input.

In the learning-augmented setting, our algorithm has ac-
cess to prediction(s) about the problem instance, which may



be used to try to improve performance. In this setting, the
typical performance metrics are consistency—performance
when the prediction is perfect—and robustness—performance
under arbitrarily poor predictions. In this work, we employ
the standard (expected cost) notion of consistency, and a
risk-sensitive notion of robustness.

DEFINITION 2.3. A learning-augmented algorithm ALG is
c-consistent if, when the prediction is perfect, we have

E[ALG(0)]/OPT(0) < c.

DEFINITION 2.4. Let ALG be a learning-augmented algo-
rithm and 6 € [0,1). The CVaRs-robustness (6-ROB) is the
worst-case §-CR achieved by ALG under arbitrary prediction
error:

0-ROB(ALG) := sup w.
cEY OPT(O’)

Finally, we introduce the main problem we study: the
continuous-time Bahncard problem with permanent discount
[11]. Let C > 0 and S € [0,1). There is some (a priori un-
known) problem duration T' € Ry ; the decision-maker pays
$1 per unit of time until optionally purchasing a Bahncard
for cost $C, after which the cost per unit of time is $3 < 1.
The objective is to decide when, if ever, to buy the Bah-
ncard so as to minimize the competitive ratio. A random-
ized algorithm for this problem can be characterized by a
random variable X governing the time at which the Bahn-
card is purchased. In the learning-augmented setting, the
prediction will be an estimate of the normalized threshold

T = w; in the following, we will refer to “normalized
times” accordingly. Note that S = 0 corresponds to the
continuous-time ski rental setting studied in [6], so we will
restrict our focus to 5 € (0,1).

3. RESULTS

Our first main result characterizes the optimal algorithm
whose Bahncard purchase is limited to normalized times in
[0,1] U {oo}.

THEOREM 3.1. Fiz § € [0,1), and let ago’l]uoo be the op-

timal 6-CR of any continuous strategy supported on [0,1] U
{00}, with pso the corresponding optimal probability mass at
0o. Let ¢ : (0,1 — poo] — [0,1] be the solution to the delay
differential equation defined as:

1-6
(1=8)(a—pB)
2(1-8)

with initial condition ¢(z) = log (1 + m) on z <
[0,1]Uco
s

¢'(2) = [¢(2) — ¢(z — (1 = 9))]

for z > 1-6,

1—46. Then, when @ = « , ¢ is exactly the inverse
CDF of the optimal continuous algorithm with support on
[0,1] U {oo} for the Bahncard problem.

Since the above theorem does not give an analytical ex-
pression for the 0-CR, we next propose an algorithm family
for which the §-CR can be computed in closed form.

THEOREM 3.2. Let § € [0,1). Define a probability distri-
bution ps on [0,1] U {co} with density

. (1-e ™) @ -pe)1-9)
s\T) = A )
c(l—|— (€7ﬁ — 1) x)

for x €10,1]
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Figure 1: CVaRs-competitive ratio from suboptimal
delay differential approach in Theorem subop-
timal closed form upper bound from Theorem
and optimal algorithm from Theorem approxi-
mated with bisection search.

and a point mass Pec = BA=9) g4 00, where ¢ ~ 1.25643.

e—1+p

1
The algorithm following ps has 6-CR bounded by

1+ (1-8) (723;5? —Q—% if § < poo,

(1-B)e” T3 (1-eP)
(1—e’ﬁ)D

ps __
G = (1-p)(2—e T-3)
B+ — +

l1—e 1-9

otherwise,

e—1+8

where D = Coitps:

By relaxing the support restriction to [0, 1]U{co}, we can
obtain a significantly better algorithm, defined implicitly in
terms of a delay differential equation.

THEOREM 3.3. For any § € [0,1), let F'g : [0,00] — [0,1]
be the solution to the delay differential equation in (12, The-
orem 4.1]. If a is equal to the optimal 5-CR and if the
corresponding solution F¥ is a valid CDF, then F¥ is an
optimal continuous algorithm for the Bahncard problem.

Note that we do not prove existence or uniqueness of an «
yielding a valid CDF, due to the challenging structure of the
delay differential equation in the previous theorem. How-
ever, in practice it appears that the optimal a can be esti-
mated via bisection search, and the resulting CDF is valid.
Figure [I] compares the CVaRs-competitive ratios achieved
by the three strategies described thus far.

We conclude by stating our learning-augmented bound;
due to space, we omit the full algorithm description.

THEOREM 3.4. For X € (0,1], there is a learning-augmented
algorithm (12, Algorithm 1] that achieves 14+©(\)-consistency
and © (%)—CVaRg—mbustness.

In the full paper [12], we evaluate this learning-augmented
algorithm in a case study on peak-aware energy scheduling
using real-world datacenter and energy traces, comparing
against a prior non-risk-sensitive learning-augmented algo-
rithm and the algorithm from Theorem [3-3] Overall, our
strategy exhibits good performance and improved tail be-
havior when compared to the non-risk-sensitive method. In-
teresting avenues for future work include (a) integrating un-
certainty quantification into risk-sensitive algorithm design,
and (b) risk-sensitive, learning-augmented algorithm design
for other problems.
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